Domination of generalized Cartesian products  by Benecke, S. & Mynhardt, C.M.
Discrete Mathematics 310 (2010) 1392–1397
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Note
Domination of generalized Cartesian products
S. Benecke ∗, C.M. Mynhardt
Department of Mathematics and Statistics, University of Victoria, P.O. Box 3060 STN CSC, Victoria, BC, Canada V8W 3R4
a r t i c l e i n f o
Article history:
Received 17 March 2009
Received in revised form 8 December 2009
Accepted 10 December 2009
Available online 4 January 2010
Keywords:
Cartesian product
Generalized prism
Generalized Cartesian product
Universal doubler
Universal multiplier
Domination number
a b s t r a c t
The generalized prism piG of G is the graph consisting of two copies of G, with edges
between the copies determined by a permutationpi acting on the vertices of G. We define a
generalized Cartesian productG H that corresponds to the Cartesian productGH when
pi is the identity, and the generalized prism when H is the graph K2. Burger, Mynhardt and
Weakley [A.P. Burger, C.M. Mynhardt, W.D. Weakley, On the domination number of prisms
of graphs, Discuss. Math. Graph Theory 24 (2) (2004) 303–318.] characterized universal
doublers, i.e. graphs for which γ (piG) = 2γ (G) for any pi . In general γ (G Kn) ≤ nγ (G)
for any n ≥ 2 and permutation pi , and a graph attaining equality in this upper bound for
all pi is called a universal multiplier. We characterize such graphs.
© 2010 Published by Elsevier B.V.
1. Introduction
We generally follow the notation and terminology of [6]. For two graphs G and H , the Cartesian product G  H is the
graph with vertex set V (G)× V (H), and vertex (vi, uj) being adjacent to (vk, ul) if and only if (a) vivk ∈ E(G) and uj = ul, or
(b) vi = vk and ujul ∈ E(H). The graph G  K2 is called the prism of G. As usual, γ (G) denotes the domination number of G.
The set D ⊆ V (G) is called a γ -set if it is a dominating set with |D| = γ (G).
In 1967, Chartrand and Harary [3] defined the generalized prism piG of G as the graph consisting of two copies of G, with
edges between the copies determined by a permutation pi acting on the vertices of G. The domination number γ (piG) of
the generalized prism of G is bounded between γ (G) and 2γ (G) for any permutation pi . The edgeless graph G = Km attains
equality in the lower bound for any permutation pi , while γ (piG) = 2γ (G) for the complete graph G = Km and any pi .
For a permutation pi of V (G), we define a generalized Cartesian product G H in Section 2 that corresponds to the
Cartesian product G  H when pi is the identity, and the generalized prism when H is the graph K2. We also briefly survey
previously defined graph products that can be considered to be generalizations of the Cartesian product or the generalized
prism.
In 2004, Burger, Mynhardt and Weakley [2] characterized universal doublers, i.e. graphs for which γ (piG) = 2γ (G) for
any pi . In general γ (G H) ≤ γ (G)|V (H)| for any permutation pi , and a graph attaining equality in this upper bound for
all pi is called a universal H-multiplier. In the case where H = Kn, such graphs G are simply called universal n-multipliers.
In Section 3 we characterize universal multipliers (graphs G for which γ (G Kn) = nγ (G)), generalizing the result obtained
in [2].
2. Definitions and background
Since the prism of a graph G is the Cartesian product with K2, the generalized prism piG of G can be defined as the graph
with vertex set V (G) × V (K2), where vertex (vi, uj) is adjacent to (vk, ul), j ≤ l, if and only if (a) vivk ∈ E(G) and uj = ul,
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Fig. 1. P3  C3 and P3 C3 , with pi = (v1, v2).
or (b) vk = pi(vi) and ujul ∈ E(K2). This definition gives rise to the following definition of a generalized Cartesian product.
For two labelled graphs G and H and permutation pi of V (G), the product G H is the graph with vertex set V (G) × V (H),
where vertex (vi, uj) is adjacent to (vk, ul), if and only if (a) vivk ∈ E(G) and uj = ul, or (b) vk = pi l−j(vi) and ujul ∈ E(H).
If a graph G is a path or a cycle with V (G) = {v1, v2, . . . , vn}, we assume that this labelling is a canonical labelling of G,
that is, v1, v2, . . . , vn is the vertex sequence along the path or cycle. For the case G ∼= P3 and H ∼= C3, where G and H are
canonically labelled v1, v2, v3 and u1, u2, u3 respectively, Fig. 1(a) shows the Cartesian product of G and H , while Fig. 1(b)
shows the graph G H for pi = (v1, v2). The generalized Cartesian product G H is isomorphic to the Cartesian product
G  H when pi ∈ Aut(G).
Let G and H be graphs of order m and n respectively. The generalized Cartesian product G H retains a so-called layer-
partition property of the Cartesian product G  H , in that its vertex set allows two partitions P = {P1, P2, . . . , Pn} and
Q = {Q1,Q2, . . . ,Qm} such that (a) each Pi ∈ P induces a subgraph isomorphic to G, called a G-layer, (b) each Qj ∈ Q
induces a subgraph isomorphic to H , called an H-layer, (c) any Pi and Qj intersect in exactly one vertex, and (d) any edge in
the product is in either exactly one G-layer or exactly one H-layer.
Various graph structures have been defined that may be considered to be generalizations of the Cartesian product or
the generalized prism graph, but which lacks this layer-partition property. It is worth briefly discussing similarities to the
generalized Cartesian product defined above.
In 1988 Gionfriddo, Milazzo and Vacirca [4] introduced multipermutation graphs as a generalization of the generalized
prisms defined by Chartrand and Harary [3]. Let G be an order m graph with vertices labelled v1, v2, . . . , vm and let
An = {piij : 1 ≤ i < j ≤ n} be a set of
( n
2
)
permutations of V (G). The multipermutation graph PAn(G) of G with respect
to An is the graph consisting of n disjoint copies G1,G2, . . . ,Gn of G, with additional edges joining vertex v in Gi to piij(v) in
Gj. In 1991 they investigated the subclass of transitive multipermutation graphs [5]. In this case the permutations in An have
the added property that for each 1 ≤ i < j < k ≤ n,piik = pijkpiij, wheremultiplication occurs from right to left. For transitive
multipermutation graphs, the
( n
2
)
permutations determine a partition of the vertex set intom cliques, each clique containing
exactly one vertex from each copy of G. The generalized Cartesian product G H is a (transitive) multipermutation graph
when H is complete.
In 1992 Hobbs, Lai, Lai and Weng [7] also used the term generalized prism to define a more general prism graph. Given
two disjoint graphs G1 and G2 of order m and a k-regular bipartite graph B having the sets V (G1) and V (G2) as its partite
sets, the graph G1 ∪ G2 ∪ B obtained from the union of G1,G2 and B (union of the vertex and edge sets respectively) was
called a generalized prism Ak(G1,G2) over G1 and G2. In the case where k = 1 and G1 ∼= G2, the graph B corresponds to a
permutationpi acting on the vertices ofG1, and this graph product reduces to the generalized prism introduced by Chartrand
and Harary [3].
Klavžar and Žerovnik [8] considered fasciagraphs and rotagraphs, which are graph structures that generalize the Cartesian
product, but form special cases of polygraphs. Let G1,G2, . . . ,Gn be n mutually disjoint graphs and let Xi be a set of edges
joining vertices in Gi to those in Gi+1, where addition on the subscripts is performed modulo n. A polygraph is defined as
a graph with vertex set the union of all vertices of the graphs Gi, and edge set the union of all the edges in each graph, as
well as all edges in the sets Xi. For the special case where all the graphs are isomorphic to a fixed graph G (with identical
vertex labellings) and the additional edge sets are all identical to a set X , the polygraph is called a rotagraph. A fasciagraph is
a rotagraph without edges between the first and last copies of G. It was noted in [8] that the Cartesian product Pm  Pn is a
fasciagraph, while the graph Cm  Cn is a rotagraph. It is clear that for any G and permutation pi , the generalized Cartesian
product G Pn is a fasciagraph.
In 1983, Pisanski, Shawe-Taylor and Vrabec [10] introduced the notion of a graph bundle in a graph theoretic manner.
A (Cartesian) graph bundle B×φ F with fibre F over the base graph B is the graph obtained by replacing each vertex in B by
a copy of F and for each edge in B, assigning a matching between the corresponding copies of F , according to a mapping
φ : E(B) → Aut(F). The Cartesian product F  B is obtained as a special case when φ maps each edge to the identity
automorphism of F . The family of generalized Cartesian products G H intersects the family of graph bundles only when
pi ∈ Aut(G), in other words when the graph is isomorphic to the Cartesian product.
In 1995, Lee and Sohn [9] proposed a graph product that generalizes the notion of both graph bundles and generalized
prisms. Let S|V (G)| denote the symmetric group of permutations of V (G). A G-permutation graph over H with respect to φ,
denoted H FGφ G, is the graph obtained by replacing each vertex in H by a copy of G and for each edge in H , assigning a
matching between the corresponding copies of G, according to a mapping φ : E(H) → S|V (G)|. If φ maps all edges of H
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Fig. 2. A diagram illustrating the relationships between the graph products.
to Aut(G), then this graph is a Cartesian graph bundle. If H ∼= K2, then the graph is a generalized prism. The family of
G-permutation graphs over H contains the family of generalized Cartesian products G H . However, this graph product
does not retain the layer-partition property of the Cartesian product.
Fig. 2 shows how the various graph products surveyed here relate to each other and to the generalized Cartesian product
defined in this paper. A family F of graphs is shown as being connected to another family G if F is contained in G (in other
words G is a generalization of F ).
The following terminology is used throughout this paper. For A, B ⊆ V (G), we abbreviate ‘‘A dominates B’’ to ‘‘A  B’’; if
B = V (G)we write A  G and if B = {b}we write A  b. Further, NG(v) = {u ∈ V (G) : uv ∈ E(G)} and NG[v] = N(v) ∪ {v}
denote the open and closed neighbourhoods, respectively, of a vertex v ofG.We omit the subscript if the graph is clear from the
context. The closed neighbourhood of S ⊆ V (G) is the setN[S] =⋃s∈S N[s], the open neighbourhood of S isN(S) =⋃s∈S N(s),
while N{S} denotes the set N(S)− S. If s ∈ S, then the private neighbourhood of s relative to S, denoted by pn(s, S), is the set
N[s] − N[S − {s}], while the external private neighbourhood of s relative to S, denoted by epn(s, S), is the set pn(s, S)− S.
For two graphs G and H , with vertex sets labelled v1, v2, . . . , vm and u1, u2, . . . , un respectively, vertices (vi, uj) of G H
are often labelled vij for convenience. Also, a dominating set D of G H can be partitioned into sets D1,D2, . . . ,Dn, where
Di is a set of vertices in the ith G-layer. We write D = D1 ∪ D2 ∪ · · · ∪ Dn where this partition is clear from the context.
3. Universal multipliers
Burger, Mynhardt and Weakley [2] investigated the domination of generalized prisms, noting that for any graph G and
permutation pi , γ (G) ≤ γ (piG) ≤ 2γ (G). They characterized graphs for which γ (piG) = 2γ (G) for any pi , calling such
graphs universal doublers.
Proposition 1 ([2]). A graph G is a universal doubler if and only if for each X ⊆ V (G) with 0 < |X | < γ (G), |V (G)− N[X]| ≥
2γ (G)− |X |. 
It is clear that γ (G) ≤ γ (G Kn) ≤ nγ (G) for any permutation pi . The lower bound is satisfied for all pi and n when
G = Km, while the upper bound is satisfied for all pi and n ≤ |V (G)| if G = Km. Graphs G that satisfy γ (G Kn) = nγ (G)
for all pi are called universal n-multipliers. For n = 2, Proposition 1 confirms that there are noncomplete graphs that are
universal 2-multipliers (i.e. universal doublers).
A universal 2-multiplier is not necessarily a universal n-multiplier for n > 2. As an example, consider G = C6. Since
γ (G) = 2, |X | = 1 for any X ⊆ V (G)with 0 < |X | < γ (G). So |V (G)−N[X]| = 3 and it follows from Proposition 1 that C6 is
a universal 2-multiplier. However, C6 is not a universal 3-multiplier. Fig. 3 shows the generalized Cartesian product C6 K3,
pi = (v4, v6), with a dominating set of cardinality 5 indicated by dark vertices.
We characterize universal n-multipliers in a way consistent with that in [2] for generalized prisms. Observe that for any
graph G, the vertex set of any G-layer of G Kn dominates G Kn. Therefore, if |V (G)| < nγ (G), then γ (G Kn) ≤ |V (G)| <
nγ (G), so that G is not a universal n-multiplier. Hence we only consider graphs G of order at least nγ (G).
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Fig. 3. C6 K3 , with pi = (v4, v6).
Theorem 2. A graph G of order at least nγ (G) is a universal n-multiplier if and only if |V (G)− N[X]| ≥ nγ (G)− |X | for each
X ⊆ V (G) with 0 < |X | < γ (G).
Proof. Suppose that there exists a set X ⊆ V (G) with 0 < |X | < γ (G) such that |V (G) − N[X]| < nγ (G) − |X |.
Let Y = V (G) − N[X] and say |X | = r , |Y | = q. Then there exists an integer k with k < n(γ (G) − r) such that
q = (n− 1)r + k. (Note that kmay be negative.) Let X = {v1, v2, . . . , vr}, Y = {w1, w2, . . . , wq}, V (Kn) = {u1, u2, . . . , un}
and V (G Kn) = {(v, u) : v ∈ V (G), u ∈ V (Kn)}.
Consider the case k ≥ 0, and define the permutation pi of V (G) by
pi =
r∏
i=1
(vi, w(i−1)(n−1)+1, . . . , wi(n−1))
and the set D = D′ ∪ D′′ ⊆ V (G Kn) by
D′ = {(vi, uj) : i = 1, 2, . . . , r, j = 1, 2, . . . , n} and D′′ = {(wi, un) : i > (n− 1)r}.
We show that D is a dominating set of G Kn. Firstly, in the ith-layer Gi of G, the vertices (v1, ui), . . . , (vr , ui) correspond to
the set X in G and thus dominate all vertices of Gi except those corresponding to Y . Secondly, if i > (n − 1)r , then pi fixes
wi and so (wi, uj), 1 ≤ j ≤ n− 1, is adjacent in G Kn to (wi, un). Hence
D′′  {(wi, uj) : i > (n− 1)r, 1 ≤ j ≤ n}. (1)
Thirdly, for each i = 1, 2, . . . , r , the permutation pi ensures that each of the following sets induces a Kn-layer in G Kn:{
(vi, u1), (w(i−1)(n−1)+1, u2), (w(i−1)(n−1)+2, u3), . . . , (wi(n−1), un)
}{
(w(i−1)(n−1)+1, u1), (w(i−1)(n−1)+2, u2), . . . , (wi(n−1), un−1), (vi, un)
}
...{
(wi(n−1), u1), (vi, u2), (w(i−1)(n−1)+1, u3), . . . , (wi(n−1)−1, un)
}
.
Since each of these sets contains a vertex (vi, uj),
D′  {(wi, uj) : 1 ≤ i ≤ (n− 1)r, 1 ≤ j ≤ n}. (2)
By (1) and (2), D  (w, u) : w ∈ Y , u ∈ V (Kn) and so D  G Kn. But |D| = nr + k < nγ (G) and it follows that G is
not a universal n-multiplier. For the case k < 0, a similar permutation and dominating set show that G is not a universal
n-multiplier.
Conversely, suppose G is not a universal n-multiplier. Let Gn denote the nth G-layer of G Kn. Then there exists a
permutation pi of V (G) and a dominating set D = D1 ∪ D2 ∪ · · · ∪ Dn of G Kn of cardinality less than nγ (G), hence
|Di| < γ (G) for some i. Without loss of generality assume |Dn| < γ (G) and let Yn = V (Gn) − NGn [Dn]. Then Dn does not
dominate Gn, so that Yn 6= ∅ and Yn is dominated by D′ = D1 ∪ D2 ∪ · · · ∪ Dn−1. But each vertex in D′ is adjacent to at most
one vertex of Yn, hence |D′| ≥ |Yn|. Clearly, if Dn = ∅, then |D| = |D′| ≥ |V (G)| ≥ γ (G), which is not the case. Hence Dn 6= ∅.
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(a) H2,4 . (b) H3,4 .
Fig. 4. Universal 2-multipliers H2,4 and H3,4 .
But Gn ∼= G, so if we consider X = v ∈ V (G) : (v, un) ∈ Dn (the subset of G corresponding to Dn), then 0 < |X | < γ (G)
and
|V (G)− N[X]| = |Yn| ≤ |D′| = |D| − |Dn| < nγ (G)− |X |
as required. 
As mentioned above, Km (m ≥ 2) is a universal n-multiplier for any 2 ≤ n ≤ m. In fact, any order m graph G with
γ (G) = 1 is a universal n-multiplier, since G Kn is a spanning subgraph of Km Kn.
We illustrate the use of Theorem 2 by constructing a family of universal multipliers. Let 2k ≥ l ≥ 2 and consider l copies
of the star K1,2k. Let vi be the center and Vi = {wi,1, . . . , wi,2k} the set of leaves of the ith copy of K1,2k, i = 1, 2, . . . , l. Let
Ui = {wi,1, . . . , wi,k} andWi = {wi,k+1, . . . , wi,2k}, i = 1, 2, . . . , l.
Form the graph Hl,2k by joining Ui toWi+1 by a matching, i = 1, 2, . . . , l, where addition on the subscripts is performed
modulo l. Fig. 4 illustrates the graphs H2,4 and H3,4. More generally, add arbitrary edges (possibly none) between Vi and Vj,
i 6= j, i, j = 1, 2, . . . , l, subject to the maximum degree being 2k, and denote the class of all graphs thus constructed by Gl,2k.
Any graph G ∈ Gl,2k has the set S = {vi : i = 1, 2, . . . , l} as efficient dominating set and therefore γ (G) = l. It is verified
briefly that G is a universal n-multiplier if and only if k ≥ l(n− 1)/2, by way of Theorem 2. Suppose k < l(n− 1)/2 and let
X = {v1, v2, . . . , vl−1}. Then |V (G) − N[X]| = 2k + 1 < ln − l + 1 = nγ (G) − |X | since l = γ (G) and |X | = γ (G) − 1.
Conversely, for any integer t with 0 < t < l, and any X ⊆ V (G)with |X | = t ,
|V (G)− N[X]| ≥ |V (G)| −
∑
x∈X
(deg x+ 1)
≥ |V (G)| − (∆(G)+ 1)t
= (2k+ 1)(l− t)
≥ (ln− l+ 1)(l− t) since 2k ≥ l(n− 1)
≥ ln− t since (l− t)(n− 1) ≥ n− 1.
The characterization in Theorem 2may be generalized to the following result, following a similar argument. The proof is
omitted.
Theorem 3. Let t be a positive integer. Then γ (G Kn) ≥ nγ (G)/t for any permutationpi of V (G) if and only if |V (G)−N[X]| ≥
nγ (G)/t − |X | for each X ⊆ V (G) with 0 < |X | < γ (G)/t. 
We briefly mention some corollaries of Theorem 2.
Corollary 4. Let G be a graph with γ (G) ≥ 2. If G is a universal n-multiplier, then for any γ -set D and v ∈ D, |pn(v,D)| >
γ (n− 1).
Proof. Let D be a γ -set of G, v ∈ D and X = D− {v}. Then | pn(v,D)| = |V (G)− N[X]|. Since G is a universal n-multiplier,
|V (G)− N[X]| ≥ nγ (G)− (γ − 1). 
Corollary 5. Let G be an r-regular graph with γ (G) ≤ |V (G)|+rn+r , r ≥ 2. Then G is a universal n-multiplier.
Proof. Let X ⊆ V (G)with 0 < |X | < γ (G). Then |V (G)| ≥ nγ (G)+ r(γ (G)− 1) ≥ nγ (G)+ r|X |. But |N[X]| ≤ (r + 1)|X |,
hence |V (G)− N[X]| ≥ nγ (G)+ r|X | − (r + 1)|X | = nγ (G)− |X |. 
The next result is a generalization of Corollary 4 in [2] and follows from Corollary 5.
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Corollary 6. If G is an r-regular graph that has an efficient dominating set and r ≥ (n−1)γ (G), then G is a universal n-multiplier.
Proof. Observe that γ (G) ≤ (r+1)γ (G)+rn+r and that |V (G)| = (r + 1)γ (G). 
One may also consider other universal H-multipliers, with a fixed graph H that is not complete. Graphs G for which
γ (G Cn) = nγ (G) for any permutation pi are called universal cycle-multipliers. Benecke [1] obtained partial results on
such graphs.
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